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Projective 2D Geometry

+ Points, lines & Conics

¢ Transformations & Invariants
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Homogeneous Coordinates

Homogeneous representation of lines

ax+by+c=0 (a,b,c)T
(ka)x +(kb)y+ke=0,Yk#0  (ab,c) ~k(abc)
equivalence class of vectors, any vector is representative

Homogeneous representation of points
x=(x,y) on1=(a,b,c) ifand only if ax+by+c=0
(x 1) a.b.c) = (x,y,l)Lz 0 (xp1) ~klx,p.1) ,Vk=0

The point x lies on the line 1 if and only if xTI=ITx=0 Degrees of Freedom

'

Homogeneous coordinates (xl,xz,x3 )T but only 2DOF
Inhomogeneous coordinates (x, y)T

The point x=(x1,x2,x3)T represent the point (xl/xg,,xz/xg)T in R?

Media IC & System Lab ex: (2,3’1)T - (4,6£)T= (6,9£)T 4



Points and Lines

Homogeneous Coordinate
H
X "
SHERSE
y
X 1

Intersections of lines

X
p=|y| = P

The intersection of two linesland ’iIsx=1x 1D’

Line joining two points

The line through two points x and x’is | = X X X’
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Points and Lines (cont.)

Exercise

Example 1

<
Il
. 4

v

Example 2

Determine the line passing through the two points (2,4) and (5,13)
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Points and Lines (cont.)

Solution
Example 2

Determine the line passing through the two points (2,4) and (5,13)

1.Homogeneous representation of points

2 5
X% =|4|eP? %, =13 |eP?

1 1 | |
2.Homogeneous representation of lines matgg‘crfopsfspfg;ajgn

0O -1 4|5 -9 -3 uxv— [ulw

I=%uk=lE]l %=1 ¢ =2j13=] 3| 1 where

-4 2 01 6 2 I I TP

3.Equation of the line ["],!m 0 -(r;l]
'—112 lll

3x+y+2=0 & y=3x-2
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|deal Points and the Line at Infinity

Intersections of parallel lines

1=(a,b,c) andl'=(a,b,c")' Ix]'= (b,—a,O)T

Example

(b,—a) tangent vector (line’s direction)

(a,h) normal direction

v

x=1x=2

Ideal points (x,,x,,0)'
Line atinfinity 1 =(0,0,1)"

P2 =R>U1 Note that in P2 there is no distinction
7 \ 03\ between ideal points and others

Projection /& & % = = M & & % + Line at Infinity
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A Model for the Projective Plane

Axs
ideal
point
0
v
e
Vg
X
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Projective Transformations

Definition

A projectivity is an invertible mapping h from P2 to itself such
that three points x,,x,,x; lie on the same line if and only if
h(x,),h(x,),h(x;) do.

Theorem

A mapping h:P?—P? is a projectivity if and only if there exist a
non-singular 3x3 matrix H such that for any point in P2
reprented by a vector x it is true that h(x)=Hx

Definition: Projective Transformation

X' hy, h, hs | x
X'y = hy hy hy | X, or x'=Hx
x'3 h31 hsz h33 X3 8DOF

projectivity=collineation=projective transformation=homography
Media IC & System Lab
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Mapping between Planes

+2D 2D N Th b h
‘ x'z = h21 hzz h23 X5
x's hy, hy, h X3
AT s II"x
) \ ® X
S I". "~.
/’1 ""f l|
os il — L L
///

central projection may be expressed by xX’=Hx

(application of theorem)
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Removing Projective Distortion

1E 00 Ak

I

select four points in a plane with know coordinates
XYy hyx+hyy+ by _ Xy hyx+hy,y+hy

X'y hyx+hy,y+hyg X'y hyx+hy,y+hyg

x'(h31x+h32y+h33)= hyx+h,y+h; (linear in h.)
y'(h31x+h32y+h33)= hyx+hy,y + hy, ’

(2 constraints/point, 8DOF = 4 points needed)

Remark: no calibration at all necessary
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Summary of Transformations

_hll
* Projective | 4,
8dof 21
_h31
a,
Affine
6dof Ay
] 0
Sh
Similarity o
4dof 21
i 0
hy
Euclidean
3dof h
__O
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hl2 h13
hZZ h23
h32 h33
a, I,
a,, z‘y
0 1]
Shy L,
Sts, ty
0 1
"2 tx_
r, I
0 1]

Invariant Properties

Concurrency, collinearity,
order of contact (intersection,
tangency, inflection, etc.),
cross ratio

Parallellism, ratio of areas,
ratio of lengths on parallel
lines (e.g midpoints), linear
combinations of vectors
(centroids).

The line at infinity I,

Ratios of lengths, angles.
The circular points |,J

. 0 lengths, areas.
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Summary of Transformations (cont.)

¢ Class I: Isometries

1

x ccos —sin@ ¢

X
'

X
V' |=|¢esind cosf t |y ==l
1 0 0 1

p—

orientation preserving: g=1  (Euclidean transform)
orientation reversing: & =-1

¢ Class II: Similarities

scos@ —ssin@ t,

X x
V' |=|ssin@ scos@ f ||y
1 0 0 11
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| R t ]
X:HI:'X: OT 1X R' R=1

3DOF (1 rotation, 2 translation), can be computed from 2 point correspondences

special cases: pure rotation, pure translation

Invariants: length, angle, area

' sR t
X:HSX: OT 1 X RTRZI

4DOF (1 scale, 1 rotation, 2 translation),
can be computed from 2 point correspondences

also know as equi-form (shape preserving)

Invariants: ratios of length, angle, ratios of areas, parallel lines
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Summary of Transformations (cont.)

Class Il1: Affine Transformations

X X
V'|Elan an ||y
1 1

5 0 1 . o 6DOF (2 scale, 2 rotation, 2 translation),
K x ) / can be computed from 3 point correspondences
‘ L5
x=H . x= {A t} . \:-ve o non-isotropic scaling! (2DOF: scale ratio and orientation)
= A A KT ; ;
0 1 otation deformation

A 0} Invariants: parallel lines, ratios of parallel lengths, ratios of areas

A=R(O)R(-¢)DR(g) D= [ 0 2

Class 1V: Projective Transformations ) ¢

8DOF (2 scale, 2 rotation, 2 translation, 2 line at infinity)
A t T can be computed from 4 point correspondences

T X V= (Vl ’ Vz) Action non-homogeneous over the plane

Invariants: cross-ratio of four points on a line, (ratio of ratio)
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Application
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2D Homography

Given a set of (Xi, Xi”), compute H (Xi= HXi)

X' hy, h, hys | x
X', | = h21 hzz hz% Xs
X'y _h%l hy, h’«;s_ X3
- 1 F -
hy  hy, hy|lx
’ —_—
MY |=|hy hy hy |y
2 independent equations / point
L 1 _ _h31 h32 h33 AL 1 1 8 degrees of freedom

Minimal Solution: 4 points yield an exact solution for H

No exact solution (noise)

Media IC & System Lab 17



Gold Standard Algorithm

Direct Linear Transformation (DLT)
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x' =Hx, > x/xHx, =0

( n.37 .2t \
yh" X, —wh™x,
T T
x'xHx, =| wh' x, —xh’ x,
27 iy
\xih X; —yh Xi)
T ' ro T | 11
0 — WX, X, [ h
re, T T re, T 2
WX, 0 —x.X; | h
ro, T ro, T T 3
- VX, XX 0" |(h")




Direct Linear Transformation

X' =Hx, > x,xHx, =0

Only 2 out of 3 equations are linearly independent

0" —-wx;/ yx |h T I 1

1, T T 1, T 2 0 — WX, YiX; 2

wX, 0 — XX, h” =0 — T T T h” |=0

WX, 0 — XX,
_yl’x;r x:X;r OT h3 i i h3
Solving for H
Al
 Additional constraint: ||h|| =1

1

0 h=0

« Ah =0 not possible, so minimize [|Ah||
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Direct Linear Transformation (cont.)

DLT Algorithm

Objective

Given n=4 2D to 2D point correspondences {x.<x},
determine the 2D homography matrix H such that x;'=Hx;

Algorithm

(i) For each correspondence x; <»x’ compute A.. Usually
only the first two rows are needed.

(i) Assemble n 2x9 matrices A, into a single 27x9 matrix A

(iif) Obtain SVD of A. Solution for h is the last column of V
(iv) Determine H from h

Media IC & System Lab
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Robust Estimation

¢ Gross outliers?

Media IC & System Lab
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Robust Estimation (cont.)

RANSAC: RANdom SAmple Consensus

Objective
Robust fit of model to data set S which contains outliers
Algorithm
(i)  Randomly select a sample of s data points from S and
instantiate the model from this subset.

(i) Determine the set of data points S; which are within a
distance threshold ¢ of the model. The set S;is the
consensus set of samples and defines the inliers of S.

(ili) If the subset of S; is greater than some threshold T, re-
estimate the model using all the points in S, and terminate

(iv) If the size of S, is less than T, select a new subset and
repeat the above.

(v) After N trials the largest consensus set S, is selected, and
the model is re-estimated using all the points in the
subset S,
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Camera Models

¢ Pinhole Camera Model

“[

Camera Plane

= 7 i
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P
centre image plane f

\\ fY/Z
principal axis C l_‘ ! —

(X.Y.2) = (X/Z,fY/Z)

(X _ (X
Y
4
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Pinhole Camera Model

(XY, Z2) = (X/Z, fY/Z)

LT, ol *
y HH )y
7 B VA
7 0
1 - A1
_ _ (X))
mY [f 1 0],
- 0
fY f p
V4 1 0
- - 1)
X = PX

P =diag(/, f.D[I|0]
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Pinhole Camera Model (cont.)

+ Principal Point Offset

(0,0,0,1)

2, (0,0,1)
— (Px,Py,l)

-
- e X
y I

///F |
(}"' f__-;-(x

= 7
\ E P
\ L P N
camera ~
centre ima

s

-

~

age plane
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(XY, 2) = (X/Z,fY/2)

(X
Y
Z
]

X

Y
Z
1

* principal axis

(X,Y,Z)TH(]‘X/Z+px,fY/Z+py)T

X
Y
Z

1

r
(Px,py) principal point

X+2zZp\ | f 2
= fY+2p, |= fop,
7 1

X
Y
Z

|
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Pinhole Camera Model (cont.)

Calibration Matrix

K= f b, . |
Calibration Matrix

Rotation and Translation

X = K[I | O]Xcam
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Pinhole Camera Model (cont.)

Rotation and Translation

icam = R(?( - E) /X\

_rClIlY!| [R =RC " 0
Xcam — R RC = X
o 1 |z 0 1 /
\ \ IJ

X — K[I | O]XCEIHI

X = KR[I | —C]X
T kL x=PX S T
\ P=K[R|t]  (=-RC /
Internal Camera Parameter External Camera Parameter
Internal Orientation Exterior Orientation
Intrinsic Matrix Extrinsic Matrix
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Pinhole Camera Model (cont.)

+ CCD (Charge-Coupled Device) Camera

m, f
K= m, f
L 1_._
a, p, |
K = ay, p,
1

ax S px
K = a, p, s: skew parameter,
1 =0 for most normal cameras
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Congratulations!
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