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Introduction to FFT

m FFT: Fast Fourier Transform

m Fast algorithm for DFT (digital Fourier
transform)

m The most famous one Is proposed by
Cooley and Turkey in 1965

The complexity of DFT: N2
The complexity of FFT: NlogN
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Outline

m Algorithm of FF
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Algorithm of FFT

m Start from DFT and the twiddle factors

m Decimation-in-time FFT algorithms

m Decimation-in-frequency FFT algorithms
m Radix-4 FFT algorithm

m Radix-n FFT algorithm
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Start from DFT and the Twiddle

Factors

m N-point DFT

N -1

X[k]=Y x[nJe @™k =01,...,N -1

n=0
The complexity is N?

m Define the twiddle factor

«—Numerator
W,\Il(n — g J(@mkiN) V@— Denominator
m Properties of the twiddle factor

Complex conjugate symmetry W N1 =y & kn

=W,.")’
Periodicity in n and k Wﬁn :WNk(n+N) :WN(k+N)n
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Decimation-in-time FFT algorithms

m To decompose the sequence x|n] into
successively smaller sequences

X[k]= Zx[n]\NN”k k=01...,N-1

= Zx[n]WN”k + > X[
n even n odd
(N/2)-1 (N/2)-1
= > x[2rW2 4 x2r + W Note
r=0 r=0 G[k +N /2] =G[K]
(N/2)-1 (N/2)-1
= 3 X[2rIWS™ WS x[2r + 1w Hik+N/2]=HIK]
r=0 r=0
(N/2)-1 . k(N/2)—1 ) .
= Zx[zr]\/\/Nf,2 +W,! Zx[Zr +1W,%, = G[k]+WHIK]
r=0 r=0

DSP in VLSI Design Shao-Yi Chien 8



" N
Flow Graph if N=8

2
P G[3] "
¢[6] o—— : > X[3]
LEEsEEEEEEEEEEEEEEEEEEEEEEEEEEEE 3><X>£/V§
1] o——o >
(1] e Rl
x[3] o—— X[5]

g—Point —Hy/\ : N
x[5] o> e 0 X6
x[7] o—— 0 X [7]
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g — point WN2/2
x[6] o—>— DFT — G|[3]
Wan
(N/4)-1 (N/4)-1
G[k]= Z g[21W,;, + Wy, Z gl2l +1W,,
1=0 =0
(N/4)-1 (N/4)-1

HIKI= > h[21W, +Wy,, > h[21+1Wy,
1=0 1=0
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Flow Graph if N=2

-1
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Sum mary

x[0] ¢ x[0 X[0]
A‘A

x[6] c x[6]

Y

x[1] e x[1]

x[5] e x[5]

x[3] o x[3]

x[7]e x[7]
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Summary

logN stages
x[(]] - O—> Q—> X[O]
0 0
= Computation: Wy Wy //‘;/ N
x[4] > > Q X[1]
- DSOS AN
Wy N
x[2] > g X[2]
WN

x[6 > o > AA o X 3]
[6] Wy N Wi V’V‘V‘v _
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(m —1)st mth
stage stage

W;/H NI2)

(m —1)st mth
stage stage
Wy
N
o >
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In-Place Computation

m The computation can be finished locally In
a butterfly

m For one stage, we can use N registers to
store the results instead of 2N registers

an [p]

Xm—![p]o >

X, 4]
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Bit-Reversed Order

x[000] X [0] © - O »—W){ [0]
0
X[100]  x[4]o il > > 0 X [1]

0
X010]  x[2]< oY - : o X[2)
20— - - VAV,
%4
0
x[001]  x[1]o - UCIVAVAVAVASEN

— . R
o1 ¥[5le> "‘ -

X[011] x[3]o >

X[111]  x[7] o—> 0 > i o X[7]
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0 X [0]

=

=
Y
Y

m Inputin
X[4] normal order,

x|[1]o A > > -
. »‘ -1 output in bit-
x[2] o o 5 A A >0 X[2] reversed order
v‘vw » m For hardware
x[3] o AVA > >0 X[6] architecture

WO v.vv -1 -1 design, need
x[4] o N 0“%‘- > 0 X|[1] random
o VAVAS ] access
x[5] o AR A‘ O > N >0 X|[5] memaory
VAN D |
W
x[6] o—d > - o X[3]
0 2 3
x[7] o WN > Wy » W o X[7]
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Alternative Forms (2/3)

x[0] o

X[l] © v

=0 X|[0]

" <
T

a m&g‘

N S SN
e T

Wy

x[7] o

DSP in VLSI Design

1

-1

2
WN

90’\

| > X [5]
l —1 © X|[6]

_1 X -
%%
> N ~ X[7]

~1 -1

Shao-Yi Chien

m Loss the feature

of in-place
operation
Need 2N
registers to
buffer the
partial results

m Irregular access
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Alternative Forms (3/3)
x[0] o > q 0 > X[0]
N\ -\ A e R,

2] "C "H\ pX[2] ﬁgﬁggﬁrﬂlla@e

x[6] o i “‘p“"@‘?’/ X[3] - Ifh &%?92?333?3

]

'\/ Ny ’\/
| ‘0-‘0- 0'\ the same
10m—e N o )N N 1
D, Y.
|
|

NSNS\ S\
:;]Wﬁ %hl 1 .

’___1 O —1 o

[ e S—

x|[1l]o

B Ty w——
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Decimation-in-Frequency FFT
Algorithms (1/2)

m Divide the output sequence X[k] into

smaller and smaller subsequences
Even: X[2r]= Zx[n]\NhT(z” r=01...,(N/2)-1

(N/2)-1

= Y W™ + Zx[n]\NN2nr
n=0 n=N/2
(N/2)-1 (N/2)-1
_ Zx[n]wljnr + ZX[I‘H—(N /2)]W|\|2r[n+(N/2)] WNZr[n+(N/2)] :W’jrnWI\TN :lem
n=0 n=0
(N/2)-1 (N/2)-1
= Zx[n]\NN2nr + Zx[n+(N [ 2) W3
n=0 n=0
(N/2)-1 (N/2)-1

Z (X[n]+X[n+ (N /2))Wy), = Z g[nWyi.

DSP in VLSI DeS|gn Shao-Yi Chlen 21
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Decimation-in-Frequency FFT
Algorithms (2/2)

N-1
Odd: X[2r+1]=>) x[nW,/* P r=041,...,(N/2)-1
n=0
(N/2)-1
— Zx[n]\Nl\T(Zfﬂ)_'_ ZX[H]\N n(2r+1)
n=0 n=N/2
(N/2)-1 (N/2)-1
— ZX[”]\N n(2r+l) + ZX[n‘l‘(N /2)]\/Vl\[ln+(N/2)](2r+1)
n=0 n=0 [n+(N/2)](2r+1)
(N/2)-1 (N/2)-1 WN
= Y W — N x[n+ (N /2) W — W (N7 2X2r ey ncer+)
n=0 n=0
(N/2)-1
= > (X[n]—x[n+ (N /2)Hwe
n=0
(N/2)-1 (N/2)-1

Z(X[n] X[n+(N/2)W Wy, = Z(h[n}/VN)WN/z

DSP in VLSI Design Shao-Yi Chien
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Flow Graph if N=8

x[0] R

DSP in VLSI Design

—=—0.X17]

_8lol
//g
o N ‘
— — point
/ ) P
- DFT
N .
— — point
DFT
Shao-Yi Chien
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Flow Graph if N=4

x[0] \ N . o X][0]
i point
x[1] P x4
Wy
x[2] N o X[2]
-1 — — point
wy |4
x[3] o > DFI' L o x[¢]
Wy
x[4] N - o Xx1]
—1 — — point
Wy 4
2 0
W Wy
x[6] b N . . P X[3]
—1 -1 , |5 —point
Wy we |4
x[7] DFT | » o x[7]
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Flow Graph if N=2

o X, [p]
Wy
>—0 X |q]
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Summary

x[o e O ® ® X[()]
%\7ﬂ\ ~
N
JANV/AD= CHRRI
WU
WU
x[3] v’v‘ - .. Yo x[6)
x[4]d A W -

> X[5]

W\MAAM, RN
"/ Nom < w

x[7] > > 0 O O X[7]

-1 -1 -1
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DIF FFT 1s a Transpose of DIT FFT

DIT FFT DIF FFT

° X1[0]
A o X[4]

° X[2]

o X16]

o X[1]

° X[5]

° X[3]

o X[7]

DSP in VLSI Design Shao-Yi Chien 27



" A
Alternative Forms (1/3)
x[0] > ) > 7—»—0){[0]
x[4] S > - o X[1]
o«" .
« 00' ]
; AN/. |
e MA wN
A/

o X[6]
s J ELH
x[7] > ul
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Alternative Forms (2/3)

x[0] e »—\ 7 »—\ 7—»—0)([0]
WO

x[1] o ' - ——o X[1]
x[2] ' [

NI EONV/ A0
\ !Q VAV,

- O?QQ?%@%‘!V o

x[4) ."\"‘. / '.\‘ A‘%’%" "oy

x[5] Qt“;‘m“A Wy o X[5]

28N L W”S X6

x[7] - Wj_/ -_Xlwﬁ_/ \L X[7]
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Alternative Forms (3/3)

x[0] > > > o X[0]
0
x[1] @ N i o X|[1]
X q
:([2] Q , ® Q

o AL .
X3 \0’ m \,’" \l v
x : (?)’:0(‘)” \‘

L AR RS

R A N\ Wy
x[7] 3 : - o ° X[7]
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Radix-4 FFT Algorithm

m The above FFT is radix-2
m Radix- 4 decimation into 4 groups
X[k]= Zx[n]vv k=01...,N-1

(N/4)-1 (N/4)-1
= Zx[4n +O]\N(4”2+°)" Zx[4n +1]\N(4”2+1)"
n,=0 n,=0
(N/4) -1 (N/4)-1
+ > X[4n, + 2 4 Zx[4n TRe] AR
n,=0
(N/4)-1 (N/4)—1
0
=W, Zx[4n +OW, 2 + W, Zx[4n + AW,
n,=0
I((N/4) -1 k(N/4) -1
2 3
+ W, Zx[4n + 2]W,02 WS Zx[4n + W2
n,=0 n,=0

:Wl\? H (k) +WI\II( Fl(k) "'WNZK F, (k) "‘Wr\?k Fs(k)
DSP in VLSI Design Shao-Yi Chien
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Radix-4 FFT Algorithm

X[k]=WSF, (k) +WF (K) +WZ F, (k) +W*F, (k)

X[k +(N/8)]=WLF, (K) +WNDE (k) + W2 NDIE () o w L NVDIE (k)
=WJF, (K) + W "W F () + W, W 2KF, (k) +W 2N W2 F, (k)

= Fo (k) — JWy F, (k) ~W F, (k) + JW g Fy (k)

X[k+(N/2)]=F, (k) -WSF (k) +WZ*F, (k) ~-W3*F, (k)

X[k + (3N /4)] = Fy(k) + JWy F, (K) =W F, (k) = jW Fy (k)

Radix-4 butterfly matrix
Xkl Tt 1 1 1TwWeF (k)
X[k+N/41 | |1 —j =1 j | WFE ()
X[k+N/2]| |1 -1 1 -1 |WZF,(kK)
| X[k+3N/4]] (1 ] -1 —jWIF(K)]

X[K]

X[k+(N/4)]

X[k+(N/2)]

X[k+(3N/4)]

DSP in VLSI Design Shao-Yi Chien 32
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Radix-n FFT Algorithm

m For Radix-n FFT, the complexity is Nlog,N
m Largern

Less stages

Less complex multiplier

More complex butterfly structure

m Radix-4 and radix-8 are suitable for long
size FFT

DSP in VLSI Design Shao-Yi Chien 34



Outline

m Architectures of FFT
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Distributed Arithmetic

for FFT Butterfly

|. R. Mactaggart and M. A. Jack, “A single chip
radix-2 FFT butterfly architecture using parallel data
distributed arithmetic,” IEEE Journal of Solid-State
Circuits, vol. sc-19, no. 3, June 1984.
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Introduction

m Reasons to apply DA for the butterfly
computation
_ow cost: accumulator + ROM

Highly regular VLSI architecture =» easy for
ayout

DSP in VLSI Design Shao-Yi Chien 37
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Basic Operation in FFT

FIRST PASS SECOND PASS THIRD PASS
P& Xe
X, e X,
X, e Xz
x:! Xe
X X,
N X,
x. X,
Xz | A,
A+BW ::Eﬁ’r Re(2)
e zE]_ Z=BW
im(W)th Re{Z}=Re{B} x Re{W} - Im{B} x Im{W}
Im{Z}=Re{B} x ImM{W} + Re{W} x Im{B}
fad im(2)
R

DSP in VLSI Design Shao-Yi Chien 38



" J
Map to DA (1/3)

m Take one of B or W as constant

For example, take B as constant
n Re{Z}=Re{B} x Re{W} - Im{B} x Im{W}

TABLE II
DISTRIBUTED ARITHMETIC
ALGORITHM (COMPUTERS Z = B- W)

W REAL(Z) IMAG(Z)
Re [Im 1 2 3 4/ 6 6 7 8
0 0-0 =K'=K' 0+0 =K-K

1 O~Im(B)=K'~K [Re(B)+0  =K+K'
| 0 |Re(B)-0 =K'+K 0+Im(B)=K-K'
1 | Re(B)-Im(B)=K'+K'|Re(B)+Im(B)=K+K

Where K=(Re(B)+Im(B))/2 and K'=(Re{B)—Im(B))/2

DSP in VLSI Design Shao-Yi Chien

39



Map to DA (2/3)

Re({Z ) =Wy W;0(0)
+ Wyo Wyo(Im{ B })
+ Wro Wio(—Re{ B})
+ Wro' Wio(—Re{ B} +Im{ B })

N—-1

+ E [WRH' _W-‘}n(o)

+ W Wy, (—1m{B})

+ Wy Win(Re{ B})

+ Wey Wya(Re{ B} —Im{B})]|-27".
K=(Re{B}+Im{B})/2 and
K’=(Re{B}-Im{B})/2.

DSP in VLSI Design Shao-Yi Chien

Re{Z} =Wro Wio(— K'+K')
+WRO%O(—K’+K)
+ WroWio(— K'— K)
+ WioWio(— K= K’)
N-1
+ E [WRn‘pV!n(K,_K’)

n=1
W Wi (K= K)
WRn'mn(‘K,_{_ K)
Wan Wi (K’ + K7)|-27"

40
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Map to DA (3/3)

Re{Z} =Wro Wio(- K'HK') Re{Z} =~ K"z_(N*l)l‘F_WRo'W}o(JF K’)
+ WeoWid(— K+ K) + Wao Wio(+ K)
+ WeoW,d(— K'|FK) + WroWio(— K)
+WROPVIC(_K’_K’) +WRO'I/VIO(MK))
N-—-1 N—-1
+HZ_:1[WR;{"W—1H‘K’—K’) "'nz;:l[‘*ﬁ”;kn'mn(_ff’)
Wy Wi K- K) + W, W, (—K)
Wi Wi K+ K) + Wy, W, (+K)
Wi Wi K]+ K)]-27" + Wi, Wy, (+ K9] 27"

DSP in VLSI Design
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Innut' Pads & .Mux._

Fast Add and Subtract| (K.K')

“Array Initiglisation

=
Hnput Pads & Mux.
Contrnl initialisation].

R0 e

! @_

- --- A4 . 1

ngl T [ i
_‘}!---}4: .............. 'q*

o T [ At I

i L 4 sums
by fy CARRES k]

+ + +
L= f-Azke-- Bw
I * | A+B.W

l_ﬂl!-fc

Y

DSP in VLSI Design

Shao-Yi Chien

Fa;t Add and Subtract
Tri—State 0/P,&Mux.
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2D Array

Architecture

M.-K. Lee, K.-W. Shih, and J.-K. Lee, “A VLSI
array processor for 16-point FFT,” IEEE Journal
of Solid-State Circuits, vol. 26, no. 9, Sept.

1991.
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Comparison Between Different
Architectures

5
4 :
| B8 -1
\ )
\otate/

~ 1
%..P?J,y

Not suitable for VLSI That's why we should use array architecture
\ ABLE 1
Comparrson ofF Various Paravifer. ArcHiTecTURES FOR FFT CompuTaTion
\ Perfect shuffle 2-D mesh Parallel arch. Parallel arch. 1-ID systolic
FFT network [7] | network [8] rray [9]-{12] | using DC’s [13] | using SE's[14] | DFT array [15]
Number of PE’s \ (N/2)log N N/2 N log N Nlog N 2N =1
Butterfly steps pipelined log N log N pipelined 4 pipelined pipelined
Interconnection area\ O(N) O(N? /log? N) No area No area No area No area
Data shuffling time ||  O(log N) Ollog N) O(/N) O(N) O(N) O(N)
Interconnection very regular regular regular very regular

regularity

Additional hardware ,
for data shuffling No No No O(Nlog N)DCE | O{Nlog N) SE’s No
D?;Ttg:m Time Pipelined Butterfly steps | Data shuffling pipelined pipelined pipelined
Area | interconnection | interconnection PE’s PE's+DC’s PE's+SE’s PE’s
PE’s: Processing Elements, DC's: Delay Commutators, SE's: Systolic Elevators
However...

DSP in VLSI Design

Shao-Yi Chien
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2-D Mesh Array

m For N-point FFT, use M butterfly PEs
If (2M<=N)
m Require P=N/M storages for each PE

= Not so regular for data access, need log,N bits for data
addressing

If (M=N)
s Require data reshuffling operation after butterfly

= Only half of the PEs in the array participate in butterfly
computation

m Proposed architecture

M=N, adopt half-butterfly arithmetic (HBA) as the
arithmetic function of PE rather than radix-2 butterfly

DSP in VLSI Design Shao-Yi Chien
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2-D Mesh Array and HBA

HBA

operator ‘&' denotes '+ or -’

¢ HBA& = f(q—1,k)&f(q—1,k+ D(q)) W*
where

q=172533‘ ' 'SIngN
WP =exp(— j2mpt /N).

PEG)

q: stage

DSP in VLSI Design Shao-Yi Chien 46
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Procedure for Computing a 16-
Point FFT (1/6)

m Begin
For g=1 to 4 do Iin parallel for all PEs
= Begin

Data shuffling
HBA computation

m END
m End

DSP in VLSI Design Shao-Yi Chien 47
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Procedure for Computing a 16-

Point FFT (2/6)

m [nitially, 16 input data are loaded into the
array In row-major order

DSP in VLSI Design Shao-Yi Chien 48
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Procedure for Computing a 16-
Point FFT (3/6)

m Stagel
i LIS 4 S - —~—1 1§
k2l DN/ A== S
2N BAN//A AN =t x
it BANNV///A 20200 S R
TN 7R~ ==
2 BNV A== S
7] Wiilliiiifi LN o N, ==, N4
Ko TR, TS — 7~~~ ——"71"11
R VAN A==
(1] FAAAN L — >~ —— . N3]
R /AN 297020 DS
AT X = ==
il /AR WA= — X[7]
X[15] :/ \= =/ \= ./ \: ;><; X[15]

‘ HBA+ Q . HBA. Note: the data communication take 2 cycles to
cross 2 PEs

DSP in VLSI Design Shao-Yi Chien 49



Procedure for Computing a 16

Point FFT (4/6)

9

m Stage2
o B D
X[2] N7 NNV == °
X[3] N S SNXX AN TN,
X[4] NN/ XXX M ®
X[5] XL XXN T N,
SIS VAN == X
X[7] — L N o N, ——,
e RN T S — 7T~ ——
X[10] LA T SN/ 1 <>, *
x11] —&AAAN o,
X[12] =/ 1/ \\\\.- .><><><><; . o o -
s LN XX S ——
X[14] =// \\: =/ \. ;><><; ° o
x[15] —&- Nl RN D N

‘ - HBA+ Q - HBA-
DSP in VLSI Design Shao-Yi Chien

f\%

X[0]
X[8]
X[4]
X[12]
X[2]
X[10]
X[6]
X[14]
X[1]
X[9]
X[5]
X[13]
X[3]
X[11]
X[7]
X[15]
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Procedure for Computing a 16

Point FFT (5/6)

s b
V & Y
F L Y
L ¥a iy
Y wf
7 4

“eag

& )
Ly
-

9

bt D AN D=l D=
N SSZAT SIS :
AN SXX AT ST ==,
SN XXX T I :
e N/ XK TS T ==,
S IV ARTANNG B=0=ll I :
AV VAN e D=
XU SRR
o —RK, N — 2T~ T —>—
EEV NNV ==l I :
o LN SXX AT ST ==,
o LN XXX I X
NN XX S =,
oty I/AER\GVVANNE == I .
s —4— L NT oo ST —>—

‘ : HBA+

DSP in VLSI Design

cross 2 PEs
Shao-Yi Chien

Note: the data communication take 2 cycles to

f\%

X[O]
X[8]
X[4]
X[12]
X[2]
X[10]
X[6]
X[14]
X[1]
X[9]
X[5]
X[13]
X[3]
X[11]
X[7]
X[15]

51
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Procedure for Computing a 16-
Point FFT (6/6)

ML~ 4 S T ——"110
o I/ AEANVARe== I i b
S AN/ RN D= [}
2 ENNNV/// A 44 I i o
e/ XX S T —>—"1%8
S IV AZANNTID== I i o
X[7] —= :/ \. ./ \z ;><; X[14]
o —R 7~ T == 110
R I\ EANNVZZARS==< i o
i LN XX T ==
o AN XXX e i s
e LN XX S T ==
Y I /AR \ AN NG I | X(7]
X[15] :/ \= =/ ~ ./ \: ;><; X[15]

‘: HBA+ Q: HBA-

DSP in VLSI Design Shao-Yi Chien 52
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DRU: data routing units
HBAU: HBA unit
ICL: internal control logic

DSP in VLSI Design Shao-Yi Chien 53
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m Configurable
register

PIPO (parallel-in,
parallel-out)
register for data
communication

PISO (parallel-in,
serial-out) register
for HBA
computation

DSP in VLSI Design Shao-Yi Chien 54
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HBAU Architecture

Coefficient Store
DRU-A
IR I l l l v |
MUX MUX MUX MUX
v y i !
DRU-B MTG Adder MTG Adder
3+ v v l
MUX MUX
Yy ¥ ¥
Vv || Accm. Accm v
y ¥ v v
Right Shifter Right Shifter
| ! l :
To DRU )
Real part Imaginary part

DSP in VLSI Design

m Use distributed
arithmetic

m MTG adder:
modified
transmission gate
adder
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Layout Statistics

DSP in VLSI Design

Shao-Yi Chien

jr=
/i‘ N TABLE 11
T\ LAYOUT STATISTICS
§ g \EE Block Area (mm?) Transistors
—C BSU 0.132 150
| ] ICL 0.967 526
N PE 3.345 2998
4 % 4 Array 5352 48 000
DRU Die size including 83 pads 76.56 mm*
;;gs
w1 BSU: bit-slice unit
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Pipelined FFT

Processors

1. E. E. Swartzlander, W. K. W. Young, and S. J. Joseph, “A radix 4 delay commutator for fast
Fourier transform processor implementation,” IEEE Journal of Solid-State Circuits, vol. sc-19,
no. 5, Oct. 1984.

2. S. He and M. Torkelson, “Design and implementation of a 1024 -point pipeline FFT processor,”
IEEE Custom Integrated Circuits Conference, 1998.

3. E. Bidet, D. Castelain, C. Joanblang, and P. Seen, “A fast single-chip implementation of 8192
complex point FFT,” IEEE Journal of Solid-State Circuits, vol. 30, no. 3, March 1995.

4. Y.-N. Chang and K. K. Parhi, “An efficient pipelined FFT architecture,” IEEE Transactions on
Circuits and Systems---1I: Analog and Digital Signal Processing, vol. 50, no. 6, June 2003.
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Conventional FFT Implementation

CONTROL

For in-place operation, N Words are enough, instead of 2N words.
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Pipeline FFT Architecture

s
N Xy
s ] n
: . | m Projected into two
. . data commutators
X
7 X3 .
, " and two butterflies
Y X
- o P
. o [
. C —  PpER
IT
4 X [ -
. . s)elorar 1 5 Plonar ™ (€
TAG F ga >8
- — o BV o R o i g b
o
E S
rl-l
CummunwE terfly _G_'s Commhlnrz Butterfly | g Lo ;:I\.”Ac:fnu PJ
DC(4) DC(:L) DELAY COMMUTATOR DC(X)
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ow does the Commutator Work?
(1/2)

[} 1 2 3 4 & B 1 B @ 1 o1r 17 13 14 15
INPUT 1 TR 1R M IV ER 23 M35 M OI7 1B 29 W 0N

DATA 3033 34 I8 36 37 3@ 33 a0 41 4 43 44 48 4B &7
a8 48 S0 61 5 53 B4 55 56 57 G 53 60 61 62 A3
%\ /
\Y4
INPUT 1 e—
DELAY » [TSTaer o
3
N i
g 1 2 3 &4 & § 7T & 8 10 11 1 13 14 1§
1% 17 18 W 20 M 22 213 ¢ 28 Ze IV B 29 M I
32 33 3 3% 3 37 38 32 40 41 47 43 44 45 45 47
48 4% B0 81 57 53 61 E6 56 57 S8 S8 60 61 61 63
% Y M A Y A A, /
A¥y A A% AY4 Y4 AY AV
RECRDERING T — ' —
THACUGH 3 >< >
DELAY COMMLUTATOR EOMMUTATOR X
K= 3
) > _ }{ > _
o1 2 3 16 17 W 18 3 33 34 35 48 48 50 G
4 5 & 7 M M 23 33 3E 37 3@ I &3 53 B4 GBS
& 8 10 1L 24 35 8 27 40 41 42 43 56 57 53 68
\ 1 t3 14 15 I8 2% 30 31 44 ap 46 47 60 61 B2 63
N
\ {[Esmer st
OUTPUT 2L B.5TAGE DELAT
DELAY s {TemgEseur;
o e
a 1 3 18 97 18 1% 3@ 33 3 35 a4 48 50 51
RADIX 4 4 5 A TooM X ¥ X3 O3 3 3 38 ml B3I 84 W%
BUTTERFLY
DATA B g 1 1 1 X5 26 3T 4l 41 47 43 56 EY GE  BD
1@ 13 14 15 8 I3 30 31 44 45 46 47 60 61 62 63

DSP in VLSI Design

Shao-Yi Chien
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How does the Commutator Wor

(2/2)

REDRDERING
THRCUGH

DELAY COMMUTATOR
x=1

DSP in VLSI Design

1 2 3 18 97T 18 18 3@ 33 3 35 48 49 S50 51
] L I B R . | T A - - - T
W o1 M X5 M T &l &1 47 43 88 EY BE RO
12 13 14 15 B 23 30 3 44 45 4B 47 60 B! A2 63
A" i
W
b
1 51A ¥
INFUT 4 STAGE DELA
Do :
4 — 3 STAGE DELAY
ot F 3 IB 17 18 48 32 33 34 35 48 A8 S0 B
4 ] & IO M X o3 38 37T 33 3% B2 83 B4 ER
=] G o 24 35 XA 2T 4l 41 43 &3 S8 57 5B 59
12 013 % 15 2 28 30 3t 44 a5 48 47 0 BV B2 E3
comnmaton X%X XXX KXX XXX Xy
3
C 4 B 12 6 @0 3 A 32 36 4D 44 4B 52 BB GO
18§ 3 7 ¥t o@s 3 31 37 41 48 49 B3I A7 6
3 W14 18 ;o2& 3 O34 38 42 a8 50 54 5§ 62
I07 11 15 19 23 2T 41 35 38 43 47 A1 8% BB B3
AY
A¥4
OUTFUT !
DELAY 3 -1 3 STAGE DELAY
3
PR
0 &4 B 12 16 20 24 I8 32 38 40 44 45 52 56 80
RADIX 4
BUTTERFLY 16 B 13 17 3% 25 18 3% 37 A1 45 43 B3 E7 &t
DATA @ 6 W 14 18 7E 6 30 34 38 47 48 50 B4 B 62
To7 ott 15 19 23 037 31 3 39 43 47 51 56 BB B3
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1024-Point Radix-4 FFT

Radix-4
O —p & ] > — - -
bata | e ¥ & P¥ o 3 ce > g cE ¥ cE < % | TRANSFORM
( { + il pall 3X WORD
( > oeLay [P
—p «
b X - + -.-l g = -
S ) ™ X WORD 2X WORD
R yE S5)®oeay [ 5 [Tloear (2
w 1% x + 1| 3 Z 23 l>g
L]
y o | JJ2xworo +22 X WORD o
S *peay [ %3 = [Tloeway ™12
| & X - Ny v O
r | ou] 3X WORD ,
ELAY
CTR & DELA
SIN-COS
ROM
COMPUTATIONAL ELEMENT CE DELAY COMMUTATOR DC(X)
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Drawbacks of Pipeline FFT

m Parallel input data is needed

m |f the data Is input serially, the hardware
utilization will be low

—or example: 25% for radix-4 FFT

m For the feedfoward architecture, large

amount of memory Is required for the data
commutator

For example, 5/2N-4 register for radix-4 FFT

DSP in VLSI Design Shao-Yi Chien 64



Alternative Forms

R2MDC: radix-2
multi-path delay
commutator

R2SDF: radix-2
single path delay
feedback

R4SDF: radix-4
single-path delay
feedback
RAMDC: radix-4

multi-path delay
commutator

R4SDC: radix-4
single path delay
commutator

DSP in VLSI Design

A O i PO

(1}. RIMDC(H=16

B, 9., B, W

{1

1). RISDE(He16)
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Feedback Architecture: RZSD

4 2k 1
L L L
- O O = O
7)) - 7] - W -
A= A= L
Input "quz‘}. . "quz"}. p :5% Output
R O8O —183 —
Radix-2 SDF Butterfly

__________________________

Radix-2
Butterfly

__________________________
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Feedback Architecture: R4SDF

m Single path (word-serial)
m Can reduce the memory requirement by memory sharing

s N
E——
Fi (k) | Feed-back XK ] 1 11 1T WR(K) |
- X[K+N/4]1 | |1 —j -1 j || WyF(k)
1 (FB) Data X[k+N/2] | |1 -1 1 -1|WZX*F,(k)
™ 1 3k
|1 M Commutator icoawra) 5 1 Cibwer

W12\Ik r\ J
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Example 1

E. Bidet, D. Castelain, C. Joanblanqg, and P. Seen, “A fast
single-chip implementation of 8192 complex point FFT,” IEEE
Journal of Solid-State Circuits, vol. 30, no. 3, March 1995.
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Radix-4 Single Path Delay Commutator

m Can increase the hardware utilization of the complex
multipliers

L]
% "
® X, "
hed
Xy ]
K Xz "
h x, ~
b}
X "~
% %, b ]
= -
Lt
» L]
Xz P r
B R e | 3
N$ o o
“ X l - '
W0 E E
1l C L
X4 T T
- i o
Xy
o N
= %
4 Xy
s
Xy
- - STAGE1 P BTAGE 2 -
< AGE1 STACEZ
- ——r
i
~ -
5 > Commutstor| | Sjmplited L@ p Commatater [3 ] Simplifisd .
Commulator Buiterfly -Q-,' Commu La Butterfl ) bl Y
- talor -~ terily g _’I
i -
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Chip Architecture

m 8192=45x2

RESET_IN

e dSTAGE ) LaiSTAGE 21 oJSTACE 3 LaSTAGE 4 AGE 5 - STAGE 7}—a
oUT X
IN_R
INJ = bo- - ~ - jo -1
RADD-4 me-; -Pumnu X-4 - oo raooal evock
BNARL ~| I
3 b
CONTROL
LENGTH[2O]
DSP in VLSI Design Shao-Yi Chien
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Block Floating Point (BFP)

m  Avoid to use floating point data
format, use semi-floating point
solution

Scaled fixed-point
representation

Data have to be saturated and
rounded after each stage

m Block floating point

Fixed point operation in each
stage at

Adaptively scaled depending
on thee maximum amplitude
of the data inside the block

&8 & & & L B B 2 B

There is a single exponent shared by
all data in a block

DSP in VLSI Design Shao-Yi Chien 71
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Convergent Block Floating Point

m Attribute different ,,
rescaling factorsto |:
blocks of data )
during their transfer
In the delay
commutator

DSP in VLSI Design Shao-Yi Chien 72



Summary

m EXxploit radix-4 and radix-2
architecture for 8192-point

m Apply Radix-4 Single Path De

nybrid
-FT

ay Commutator

to reduce hardware cost and increase hardware

utilization

m Use Convergent Block Floating Point to
Increase the precision of the calculation

DSP in VLSI Design Shao-Yi Chien
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Example 2

Y.-N. Chang and K. K. Parhi, “An efficient pipelined FFT
architecture,” IEEE Transactions on Circuits and Systems---II:
Analog and Digital Signal Processing, vol. 50, no. 6, June 2003.
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Key Concepts

m To Increase the hardware utilization, apply
word-parallel/digit-serial arithmetic

4 data in parallel, 4-bit for each data at each
cycle

m Feedforward and feedback hybrid
architecture
Feedforward: better hardware utilization
Feedback: less memory requirement
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64-Point FFT Chip Architecture (1/3)

Radix-2 Feedback Radix-4 Feedforward
R2B-2 R2B-2 RiB (Radix-i Butterfly)
L 32-pt [ —-{;}‘- 16-pt = R4B
[" on 71 A [’ on N .I I R
= 32-pt —FX—@‘ 16-pt —‘-2 " A £
fhe — fbcom | 64-pt '.@' - 64-pt '@' :
Input data | r = ] 1,'jr — 1 ff com. Wi \. ff com. [Wx -
v I . & N
w_ distributor » 32-pt —-Xa@- 16-pt ——X - o e
] MLtbcom [™<BhH ¥ _fhecom [<Eh Wi ! ) /
(1, w)-=(4,w/4) 1_~J ‘:@‘ “@" :
" 32pt X 4@’ l6-pt X N=64
r‘ fbcom ™ : r fbcom ™ N

1,7]
feedback commutator)

—F

I-pt focom ( i-poin
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64-Point FFT Chip Architecture (2/3)

m Feedforward commutator

msd Isd (least significant digit)
w/4 =
x4 5| X0 5[ KO 5| X0, |XO, M s PRIID mm| x| X04|| X04|| Xx0,|| X0,
o =
X5 o K1 5T 5|1, [T, i D ™ % ™ 2D === x5, x4,]| x4.|| x4,|| x4,
X6 ,| X2 5| X2, | K2, | X2, [F™ 2iD ™ ﬁ ™ iD ™ === x9,|| x8.|| x8,|| x8,|| x8,
X7 5| X3 5|33, K3, 31 D™ Ug: > === Ix13|x12,|x12[x12,|[x12 4

*
T
+
g
—
+
=

i=N/16=4

switch instances

X
K

!
-
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64-Point FFT Chip Architecture (3/3)

m Feedback commutator

I-p fbcom
w/4 * -1 -2 -3 2 1 0
a
D-D-D- -------- +|pH bHbp>

R4B

R2B R2B

X
RZ2B ’@’RzB
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ROM Size Reduction

m The twiddle factors for wy and wg"'*7
can share the same coefficient values

N N

= 2k 4 ois - 2k n 27k
i — (08 i g S 08
J COS ~ j sin sin N jco N
— 9 cos 4k 4o - 4k 4o 4k
;] = COS ~ j sin COS N j sin N
o 6nk . . . 6wk . 6k
i =3 cos—— + jsin —§in —— + J cos ——.

LY ] *-\ *m.'
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Comparison

TABLE 1
COMPARISON OF PIPELINED FFT ARCHITECTURES {4' BIT-PARALLEL, “* DIGIT-SERIAL)
Bi & Jones [7] | He & Torkelson [5] Hui et al [4] Proposed
Commutator scheme feedfoward feedback feedforward mixed
Complex adders 8loga N* 4logs N ™ 12loga N** 8(loga N +1)**
Complex multipliers loggN — 1° loggN — 1* 3(logaN —1)** | 3(logaN —1)**
Data Memory 2.7T5N N 2.5N 1.18N
Twiddle factor ROM N N N 0.5N
Computational add 50% add 50% add 100% add~100%
efficiency mul 75% mul 75% mul 100% mul 100%
DSP in VLSI Design Shao-Yi Chien 80
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Summary

m Exploit digit-serial arithmetic to improve
hardware utilization

m Feedforward/feedback mixed architecture
m ROM reduction technique
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Cached-Memory

Architecture

B. M. Bass, “A low-power, high performance, 1024-point FFT
processor,” IEEE Journal of Solid-State Circuits, vol. 34, no. 3,
March 1999.
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Cached-Memory Architecture

Main Memory

m Advantages m Disadvantages
1 Increased speed 1 Addition of new functional
1 Incresed energy efficiency units (caches)
1 Increase controller
complexity

DSP in VLSI Design Shao-Yi Chien 83



Cached-FFT Algorithm

m To increase the efficiency of the cache,
the memory access pattern should exhibit
sufficient locality

m Nearly all FFT algorithms have poor
locality

m Develop a new FFT algorithm first

DSP in VLSI Design Shao-Yi Chien 84
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Cached-FFT Algorithm

m Definition
Epoch, E, is a portion of FFT
A epoch should include several stages

All N data word are loaded into a cache,

processed, and written back to main memory
once

m Cache size c=%N
m Memory traffic reduction multiple (log, N)/E

DSP in VLSI Design Shao-Yi Chien 85
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Cached-FFT Algorithm

m Example: 64-point FFT with E=2, C=3/64 =8

-

12
16
20
24
28
32
36
40
44
48
52
56
60

e S

|

stage0 stagel stage2

DSP in VLSI Design

stage 3

stage 4

8-word group

= —— O\
=5 N E"[f:s—-_-.-.—-—q? Y \\'lf
° == W= AV
12 - _,4..«*=;‘-}§§ {;}:ﬁ:-—i'—‘v_f_ﬁ'g_;:{@m
16 Bl s R LA
0 ===y o !
-, e B0Y N
e e %w‘l; :. | j':.
24 — L1 [
e L
28 —, — ] !
32 e 'i [}
ﬂ_ .
36 = c———§ . f
—’ , 1 By # ’ II
AR ALY
10 e N |\ e XN A
44 eI \'M*:-:w Iy
Pylrg'ly e Tyt
s = I
52 T — ]{# ;\\};"_.3—:-‘-...--\.'93'%;’? %}
56 = " ,:.-.-’ !
) Q*.—-*-\, _:{4\;//,‘%
60 ﬂ,—‘#“‘q \-_. . -—-‘J.- ~
i Qs

stage d 63

Shao-Yi Chien

epoch O epoch 1
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Cached-FFT Algorithm

8-word group

0
4

8
12
16
20
24
28
32

36

40
44

48

52

56
=
63

epoch O epoch 1
DSP in VLSI Design Shao-Yi Chien
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Processor Architecture

m 9-stage pipeline

m The datapath calculate one complex radix-2 DIT
butterfly per cycle

m Fixed-point datapth has widths varying from 20
to 24 bits

| MEM | | | | ADDJSUBlADDfSUﬂ MEM
READ CROSSB] MULTH MULT2 | MULT3 l CMULT Y CROSSB WRITE |
A ! X = A+BW
B g BxW 1 Z i

Y=AB8BW
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Memory System

m Ping-pong mode configuration can
Increase processor utilization

m Double-banked arrangement can increase
the throughput

An example for a
8-word group

Cache
0A

Cache T
0B —‘ —
Cache
[ 1A |
Cache

1B

l

]
]

Main Memory

/ \/

W>>wWw>ww>
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Chip Block Diagram and Die Photo

' N N T e
I /O Interface I L)) i—x—rw:.g TITET
X 1) ~1/0 Interface
L A
B
]
8 bank x 128 x 36-bit al:
SRAM e
L
|
=
= Crossbar 4 N : :
orMux 116 x 40-bit 16 x 40-bit P
Nota: For ciarity, not Cache Cache =
all buses shown. Chip
Controller
16 x 40-bit 16 x 40-bit
Clock Cache Cache
. J
20-bit Multiplier 20-bit Multiplier
I I | Multiplier,
24-bit Sub 24-bit Add ’ AR
T T [ it
20-bit Multiplier 20-bit Multiplier

256 x 40-bit ROM 256 x 40-bit ROM
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Comparison (1)

TABLE II
COMPARISON OF PROCESSORS CALCULATING 1024-POINT COMPLEX FFT’s
CMOS | Datapath 1024-pt Power Clock | Num | Norm FFTs
Processor Tech width Exec Time Freq of Area per
{pam) (bits) (pusec) (mW) (MHz) | chips | (mm?) | Energy
LSI, L64280 [5] 1.5 20 26 20, 000 40 20 233 2.9
Plessey, 16510A [9] 1.4 16 98 3,000 40 1 22 3.6
Honeywell, DASP [3] 1.2 16 102 ~ 5,250 — 2+ - 1.7
Y. Zhu, U of Calgary 1.2 16 155 - 33 - - —
Dassault Electronique 1.0 12 10.2 15,000 25 6 240 3.4
Tex Mem Sys, TM-66 0.8 32 65 7,000 50 2+ - 3.4
Cobra, Col. State [8] 0.75 23 9.5 7,700 40 16+ | 1104+ 12.4
Sicom, SNCI60A 0.6 16 20 2,500 65 1 - 9.0
CNET, E. Bidet [7] 0.5 10 51 300 20 1 100 13.6
M. Wosnitza, ETH [23] 0.5 32 80 6000 66 1 167 2.4
Spiffee, Vyq = 3.3V 0.7/0.6 20 30 845 173 1 25 27.6
Spiffee, Vg = 2.5V 0.7/0.6 20 41 363 128 1 25 47.0
Spiffee, Viaa = 1.1V 0.7/0.6 20 330 9.5 16 1 25 223
DSP in VLSI Design Shao-Yi Chien 91



Comparison (2)

—r

e
o
¥
o

Energy x Time
F

Spiﬁ'«eei@ 25 V TN

10 '_-?EE-f?-_-?'-E?E?:'3E':ic'f';E?'%?'—Q%E-?E-;‘E-EE;E.,

10'

Area, normalized to 0.5 um (mm?)
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Summary

m Multi-level memory hierarchy is to improve the
memory access efficiency

m Cached-FFT is designed to improve the data
locality

m Memory system
Ping-pong mode can improve utilization
Double bank can increase the throughput

m Deep pipelined processor
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